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Abstract 

A missing piece in quantum information theory, with very few exceptions, has 
been to provide the random coding exponents for quantum information-processing 
protocols. We remedy the situation by providing these exponents for a variety of pro¬ 
tocols including those at the top of the family tree of protocols. Our line of attack 
is to provide an exponential bound on the decoupling error for a resfricfed class of 
complefely positive maps where a key ferm in fhe exponent is in terms of a Renyi 
a-information-theoretic quantity for any a € (1,2]. Among the protocols covered 
are fully quantum Slepian-Wolf, quantum state merging, quantum state redistribu¬ 
tion, quantum/classical communication across channels with side information at the 
transmitter with or without entanglement assistance, and quantum communication 
across broadcast channels. 


1 Introduction 

Analysis of optimal resources needed/generated in an information-processing protocol 
is one of the holy grails of information theory [1, 2, 3, 4, 5]. Nice answers in terms of 
information-theoretic quantities are obtained, in general, for large copies such as of inputs 
and charmel uses. One part in establishing these answers is the achievability that says that 
for resources arbitrarily close to the optimal, there exists a protocol accomplishing the task 
with arbitrarily small error. 

Achievability proofs come in various flavors and we list some of them but not in the 
chronological order. One way is via the law of large numbers (or typicality) that involves 
making statements for large copies. Another way is via the smooth information-theoretic 
quantities that are defined in terms of a semi-definite program (see Refs. [6, 7] and ref¬ 
erences therein). This method has the advantage that one can make statements for any 
number of copies and it matches the optimal answer for large number of copies using 
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the law of large numbers. A third way has been via the random coding exponents, i.e., 
one makes statements for any number of copies by obtaining an exponential bound on 
the error of the protocol. In many comparisons with the second method, this method 
provides stronger bounds and was pioneered by Gallager who obtained such bounds for 
the classical capacity [8, 9]. Yet another method has been via the optimal terms in the 
asymptotic expansions of the rate at which the resources are generated or used and this 
was pioneered by Strassen [10]. 

It is the Gallager's approach that would be further investigated in this paper. If one 
scours the literature on the random coding exponents for quantum protocols, one finds 
that not much work has been done on this topic. Indeed, apart from Bumashev and 
Holevo [11], Holevo [12], and Hayashi [13], no other work, to the best of the author's 
knowledge, provides random coding exponents for the quantum protocols. (Exponen¬ 
tial bounds on the error for the Schumacher compression can be obtained without much 
difficulty leveraging the analysis for the classical source compression [3].) Burnashev 
and Holevo [11] provide the reliability function (loosely defined as the best exponent 
one could get for large number of copies [9]) for sending classical information across the 
quantum chaimel for the case of pure states, and Holevo [12] extends it for the case of 
commuting density matrices. Hayashi provides a random coding exponent for the same 
protocol for general density matrices but his exponent when specialized to classical does 
not match with Gallager's [12, 8]. 

Quantum information theory is much richer than the classical and with a plethora of 
protocols (one can just glance at the family tree of quantum protocols [14,15] to appreciate 
this), it is not just important to provide the random coding exponents but, if possible, also 
a unified approach to get these exponents for a variety of protocols. 

Where would such a unified approach come from? An answer lies in decoupling, a 
phenomenon where random evolution of a part of the quantum system would, on the 
average, make it decouple from the other part. That decoupling would be useful for 
quantum error correction was first observed by Schumacher and Nielsen [16]. It has sub¬ 
sequently been recognized as a building block in quantum information theory (see Refs. 
[17,18] and references therein). 

The decoupling theorem quantifies the average error between the state, part of which 
is randomly evolved, and the completely decoupled state, and is now known in various 
versions. We go through some of them not necessarily in the chronological order. The 
one provided by Hayden et al [19] gives a bound in terms of dimensions of the quantum 
systems involved and this, with an appeal to typicality for large copies, yields the optimal 
answers — similar approach is followed by Abeyesinghe et al [20]. Dupuis et al provide 
another version that gives a bound in terms of smooth entropies [21]. 

Another version by Dupuis gives an exponential bound for any number of copies and 
the exponent has two Renyi 2-conditional entropies: first one is computed using the den¬ 
sity matrix that is evolved and the second one is computed using the Ghoi-Jamiolkowski 
representation of a map [17]. 

Since this version gives an exponential bound, it seems close to the stated purpose of 
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this paper but it is not quite there simply because for the random coding exponents, we 
shall need the first term to be in terms of Renyi o-conditional entropies for a arbitrarily 
close to 1. It is not necessary to strengthen the second term that determines the rate. 

Could there be a way of modifying Dupuis' bound? This paper stems from asking 
this question, answers it in the affirmative, and then applies the new version to obtain 
the random coding exponents for a variety of protocols. In particular, we are able to 
replace the first term by a Renyi u-conditional entropy for all a G (1,2] (although adding 
some inconsequential terms in the process). We do this by leveraging ideas from the 
independent works of Dupuis and Hayashi [17, 3]. 

Some of the protocols we analyze are at the top of the family tree of protocols and 
the author didn't encounter any protocol that could be analyzed by other versions of the 
decoupling theorem but not from the version provided in this paper. For the protocols 
analyzed, the application of our version of the decoupling theorem is, in some cases, but 
not always, inspired by the application of other versions of the decoupling theorem. 

We don't address how close the exponent in the proposed bounds might be to the 
reliability function. There is, however, one resemblance between the exponents we obtain 
and the reliability function for the classical case (in certain regimes), which is that in both 
the cases, it is in terms of Renyi a-information-theoretic quantities. 

The structure of the paper is as follows. Section 2 provides the notation and definitions 
used throughout this paper. Section 3 provides a new version of the decoupling theorem. 
(There is a more general version provided as well in Appendix C although we don't use 
it!) The subsequent sections apply this version to various protocols. Following protocols 
are analyzed: Schumacher compression, fully quantum Slepian-Wolf, fully quantum re¬ 
verse Shaimon, quantum state merging, quantum/classical communication across chan¬ 
nels with side information at the transmitter with or without entanglement assistance, 
entanglement-assisted classical communication, quantum state redistribution, quantum 
communication across broadcast charmels, and destroying correlations by adding clas¬ 
sical randomness. The lemmas are provided in the appendix so as to not interrupt the 
flow. 


2 Notation and Preliminaries 

Let T-La be the Hilbert space associated with the quantum system A. We shall confine 
ourselves to the finite dimensional Hilbert spaces in this paper and |A| denotes the di¬ 
mension of 7 / 4 . A = B implies that |A| = \B\. For a system A, we denote A" to be 
a quantum system described by where Ai = A, i = l,...,n. Let L{'Ha,'Hb) 

be the set of all matrices from Ha to Bb and L{'Ha) denotes L{'Ha,Ba)- Let Herm(?/yi), 
Pos(?f a) ^ ^{Ba) be the set of Hermitian and positive semidefinite matrices respectively. 
Let D{Ba) ^ Pos('Ha) be the set of unit trace matrices and D^('Ha) ^ Pos('Ha) be the set 
of matrices with trace not greater than 1. Let be the number of distinct eigenvalues 
of cr^ G Herm('HA)- For G Herm('H,i), let ^ denote the projector onto 

the subspace sparmed by the eigenvectors corresponding to the non-negative eigenval- 
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ues of — cr^. Let X ■ p = XpXL For X G LiTiA, 'Hb) (also denoted as X^~^^), the trace 
norm, ||X||i, is the sum of its singular values. The Fidelity between PyCr E Pos('Ha) is 

F{p,a) = \\y/p^/a\\l. 

Let U(A) be a Unitary 2-design on a quantum system A (see Ref. [17] and references 
therein). For a function / : 0(^4) —)■ L{'He), ^uf{U) denotes the expectation taken over a 
random Unitary U distributed uniformly on 0(^4). 

Let 14))"^"^ be the maximally entangled state (MES) on AA', i.e., for A = A', orthonor¬ 
mal bases and }, Z]l=i 1^^ maximally mixed 

state in "Ha be denoted by tt^ = where is the Identity matrix. The zero matrix 

(with all entries as zero) is denoted by 0. 

A matrix is an isometry if either i/lR = 1 or Ui/l = 1 , and is a partial isom¬ 
etry if its singular values are either 0 or 1. A full-rank partial isometry has rank 

min{|A|, |5|}. 

The Kronecker delta function is 5j^k = 1 it j = k, and 0 otherwise. The indica¬ 
tor function indcondition = 1 if condition is true, and 0 otherwise. The partial trace over 
B of p^^ G L(?tA ® Hb) is denoted by either Tr^p^^ or p^. For a pure state 

= 1^) (4^1"^^, and it does not necessarily imply that 4/"^ is also a pure state. All 
the logarithms in this paper are to the base 2 and exp(a:) denotes 2^, x G M. We define 

S(£) = y/ e{2 -f e -I- 2i/r+^ for e ^ 0. 

With an abuse of notation, we call a weighted sum of exponentially decaying terms 
also as exponential decay, i.e., for x, a*, (^i>0,i = 1,..., n, n finite, we call Yl'i=i A exp{— Ujo;} 
as exponentially decaying with x. All the error bounds that we provide in this paper can 
be put in this form. 

2.1 Super-operators 

A super-operator is a map from L{'Ha) —^ Important classes include com¬ 
pletely positive maps , which map Pos('Ha 'Hi'Hr) to Pos('Hb for any ancilla R, 

and completely positive and trace preserving (cptp) maps which are completely positive 
and have an additional property that the trace is preserved. 

The Choi-Jamiolkowski representation of a map is given by ). 

To a completely positive map, we associate a quantity 0(T) defined as the negative of the 
Renyi old 2-conditional entropy (defined in Section 2.2) and is given by 

e(r) = -//j'‘‘(A|i5)„„.. (1) 

Concatenation of two maps, i.e., 8 followed by V is denoted hyVoS, and with a slight 
abuse of notation, for an isometry V and a map 8,8 oV (p) denotes 8{V ■ p), and V o 8(p) 
denotes V ■ 8 (p). 

We now define three maps. For G L('Ha ® Rb), QAicr^^) = |A|TrAcr^'®(cT^'®)l — 
cr^((T'®)l. For PyCr E Pos('Ha), the spectral decomposition a = -^*11*/ where Aj's are 

all distinct and II/s are projectors, a pinching map in the eigenbasis of a is defined as 
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Ma{p) = Let \B\ ^ \A\, be a full-rank partial isometry. Then a 

compressive map is defined as Cw{p^) = Wp^W^ + [Tr(l^ — W'^W)p^'\ vr^. 

Definition 1 (Class-1 maps). A map is said to be in class-l if it is completely positive and 
for any a e Eu\\T{U • cr)||i ^ ||cr||i. 

Note that all cptp maps fall under class-1. Another set of complefely positive maps 
under class-1 are those with TrT(l^) = |A| (see Lemma 25 for proof). An example of 
such a map (faken from Ref. [17]) that we shall use later in the paper is given by 


iw 



\B\ 





where | A| ^ |i?|, is a full-rank partial isomefry. 


( 2 ) 


2.2 Information-theoretic quantities 

The quantum relative entropy from p fo a is given by D{p\\a) = Trp(log p — log a), the von 
Neumarm entropy of p^ e D('Ha) is given by H{A)p = —Trp^ log p^. For a tripartite state 
pABc^ the conditional entropy of A given B is given by H{A\B)p = H{AB)p — H{B)p, the 
conditional mutual information between A and B given C is I {A : B\C)p = H {A\C) p — 
H{A\BC)p, and the coherent information is given by I{A)B)p = —H{A\B)p. The Renyi 
generalizations of fhe quantum relative entropy can be done in various ways and we 
mention two prominent candidates. 

Definition 2 (Renyi entropies). For a G (0,2]\{l},/rom p to a, the quasi old a-relative en¬ 
tropy is given by Q°Jf{p\\cr) = Trp“(T^““, and the quasi sandwiched a-relative entropy (proposed 

independently in Refs. [22, 23]) is given by Qa"'^{p\\o') = Tr pa^ j . The Renyi old 
(sandwiched) a-relative entropy from p to a is given by 

= —!—logQf“'(p||ff), ae(0,2]\{l}. (3) 

0 — 1 

We can extend these definitions to include a = Iby taking limits and we drop the subscript and 
the superscript. The Renyi a-conditional entropies of A given B are defined as 

HT{A\B)p = - inf (4) 

^Hf\A\B)p = -Dffp^^Wl^ ® p^), (5) 

where 'type' is 'old' or 'sand'. 

It follows from Refs. [24,25,22,23] fhat for a G (0, 2]\{1} and a cptp map Da^®(p||(T) ^ 

D‘ne(pmA]- 

There are duality relations known for a fripartite pure state . One such example 

is H^f’^‘^(A\B)^ + Hf'^^(A\C)^ = 0 , 5 = 1/a, a G [0.5,1) U (1,2]. See Ref. [26] and 
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references therein for a complete list of duality relations. In the remainder of the paper, 
the 'type' superscript is dropped, and it implies that the expression holds for either one 
and one could pick one's favorite. For example, Da{p\\<j) denotes either D'^^{p\\a) or 
Furthermore, while invoking the above duality relations, since there are many 
options, we also drop the downarrow superscript from the conditional entropies and 
assume that appropriate superscript is implicitly assumed and a is assumed to be an 
appropriate function of a depending on the type of conditional entropies involved. 


3 Yet another version of the decoupling theorem with a 
useful Renyification 

In this section, we provide a version of the decoupling theorem where the crucial term in 
the exponent is in terms of a Renyi a-information-theoretic quantity for a G (1,2] instead 
of just a = 2 as provided in Ref. [17]. 

We leverage ideas from the independent works of Dupuis and Flayashi and in partic¬ 
ular Theorem 3.7 in Ref. [17] and Lemma 9.2 in Ref. [3]. 

Theorem 1. Let p^^ e L){Har) 7"^^^ he a class-1 map. Then for a e (1,2], a random 
Unitary U acting on A, we have for any e 

Eu\\riU-p^^)-u;^^p% 

^ 4exp [logu^u + D^ip^^Wl^ 0 a^) + ©(T)] | . (6) 

In particular, for n copies, a random Unitary U acting on A^, and a class-1 map i^e have 


Eu\\T[U 


^ 4 exp 


I 


a 


{ 2a 


|i?| log(n + 1) - nH,,{A\R)p + ©(T) 


(7) 


Proof For a C > 0, let Pi = 

ujj- ® Tia and p2 = ^r® Note that pi+ p2 = P^- now 

have 


Eu \\T{U- p^^) -ojf®p^^ = Eu T[U- (n"^V^)] - Pi+ t\u- (fl^V^) 


- P2 


^ Ef/ Hr [f/ ■ (n^V^)] - Filli + Ef/ t\u ■ (n^V^) 


- P2 


1 

, ( 8 ) 


where we have used the triangle inequality. 
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We attack the first term. 


E,; \\T [u ■ (n^V"")] - ^ \\T [u ■ (n^V"")] IL + ll/^illi 

^ 2Ef;||r [t/- (n^V^)]lli 

^ 2 


^ 2C 2 exp 


1 

a — 1 




R\ 


(9) 

( 10 ) 

( 11 ) 

( 12 ) 


where the first inequality follows from the triangle inequality, the second inequality fol¬ 
lows from the convexity of the trace norm to have 


||/ii||i = He,; {r [u ■ (n^V"")] \\r [u ■ (n^V"")] IL, 


(13) 


the third inequality follows from the definition of class-1 maps, the fourth inequality fol¬ 
lows from Lemma 28 (proved by Hayashi [3]). 


We now attack the second term. Let Ar; = T 


U ■ 


AR^ 


such that 0(T) = —D2‘^{uj^^'\\9^ (8) 1^'). We now have 




\(T 


'>)-*] Ai,A*, 






\ 


/Tr[(0®) 

-1 O (CT^)-!] E,; < 


> 

|7l|2Tr< 


■Tr< 

[ {a^y^A tlARyARyflAR^ 


|4P 


'W«Cl-4Pexp{0(r)} 


|A|^ 


/i 2 , and 6^ e D('He) be 

(14) 

(15) 

(16) 
(17) 


where the first inequality follows since for any matrix T and a density matrix k (with 
appropriate dimensions), ||T||i < VTrK'^TTt, the second inequality follows from the 
concavity of x —)■ ^/x, the third inequality follows from Lemma 27, and the last inequality 
follows from Lemma 29 (proved by Hayashi [3]). We now have 


Eu\\TiU ■ 

l — a 

^ 2( 2 exp 


0 — 1 




R\ 


luM\A\^exp{eir)} 


|7l|^ 


(18) 


Note that C is a free parameter and a convenient upper bound for 

(^xC^ + 


mm 

C 


(19) 
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is obtained by choosing ( = {xy . Making that choice by feeding in appropriate values 
of x, I/, taking |y4p/(|Ap — 1) ^ 4/3, noting that for a e ( 1 , 2 ], 2 h“( 4 / 3 )("-i)/( 2 «) ^ 2, we 
get 


Eu\\T{U-p^^)-uj^(^p% 

^ 4 exp 


a — 1 
2o 


log 


+ D^{p^^\\l^ ^ a^) + Q{r) 


( 20 ) 


Note that this is a convenient upper bound and while one could further optimize the 
choice of C, for a near 1, the above bound is near the optimal. 

For n copies, a random Unitary over A^, and a class-1 map using (20), we have 


Eu \\T [U ■ 

a — 1 ■ 


^ 4 min exp 


2Q! 


(8) (a^)®’^] + 0(r) 


^ 4 exp 


a — 1 
2a 


|i?| log(n + 1) - nH^{A\R)p + Q{T) 


( 21 ) 


where the first inequality follows from (20) and making a (possibly suboptimal) choice of 
a product state, and the second inequality follows since we have used a convenient upper 
bound that for any G D('H/j), log ^ |i?| log(n -|- 1) (see Theorem 11.1.1 in Ref. [1] 

or Lemma 3.7 in Ref. [3]) and we choose to be the one that minimizes Daip'^^W l"^(8)cr^). 
QED. □ 


We now have the following corollary of Theorem 1. 

Corollary 2. For i = I, let he class-1 maps, and pf^' G DiFLARi)- Then there 

exists a Unitary U over A^ such that for all i = 1, and n G N, 

f a — 

^ 4iT exp < 

Proof. It follows from Theorem 1 that for alH = 1,..., iT, 

. fa- 1 

We now invoke Lemma 1.7 in Ref. [17] to arrive at the claim. (Note that Lemma 1.7 
in Ref. [17] stipulates a multiplying factor of iT -|- 1 instead of K but it can be easily 
strengthened.) □ 

It is possible to provide a unified theorem that yields both Theorem 1 and Lemma 9.2 
in Ref. [3] as special cases. We do that in Theorem 33 (see Appendix C) and we note that 
although we provide this unified theorem, we don't use it for the protocols treated later 
in the paper! 


\Ri\ log(n + 1) - nHa{A\Ri)p. + Q(J') 


(23) 


\Ri\ log(n + 1) - nHa{A\Ri)p. + Q(J') 


( 22 ) 
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4 Schumacher compression 

Definition 3. A (p, error, n) Schumacher compression protocol consists ofn copies of (with 
a purification Alice applying an encoding cptp map S : A^ ^ B, and Bob applying a 

decoding cptp map V : B ^ such that for o 


P 






AR\^n 


< error. 


(24) 


(log \ B\)/nis called the compression rate of the protocol. A real number Tic Is called an achiev¬ 
able rate if there exist, for n ^ oo, Schumacher compression protocols with compression rate 
approaching Tic and the error approaching 0. 


Theorem 3 (Schumacher, 1995 [27]). The smallest achievable rate for Schumacher compression 
is given by H{A)p. 

We prove the following theorem. 


Theorem 4. For any n e N, there exists a (p, error, n) Schumacher compression protocol such 
that for any 5 > 0, 




n n 

and the error approaches 0 exponentially in n. 


(25) 


Proof. Consider a full-rank partial isometry \B\ ^ \Af. Then, using Theorem 1, 

there exists a Unitary U over A^, 


|TrB o [U ■ (^^^)®"] - (^^)®^||^ 

a — 1 


^ 4 exp 


2a 
= 4 exp 


\R\ log(?7, 1) - nHa{A\R)^ + ©(Tr^ o Tw) 

a — 1 


2a 


\R\\og{n + l)+nHs{A)^-\og\B\ > = Cn, (26) 


where we have used ©(Tr^ o Tvf) = — log \ B\ from Lemma 21. We claim using Lemma 31 
that there exists a Unitary such that 

||ipt . - U • (^^^)®"||^ < S(£„), (27) 

and hence, using monotonicity of the trace norm under cptp maps {Cw in this case), 

[U • (vl/^^)®-] - Cm/ [U ■ (vl/^^)®-] 11^ ^ S(£0, (28) 


or 

||Wi -Cwiv- (^^^)®”] - wi • [u ■ (^^«)®’^] 11^ ^ S(£„). (29) 
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Define a partial isometry as W 2 = WV and note that Cw 2 = Cw{V ■ a^^). We 


now have 

W^-Cw2 ^ 

= -CwiV- (30) 

= II• Cw [1^ • - D • (31) 

^ II■ Cw [V ■ (^^^)®"] - ipt • [U ■ (^^«)®^] 11^ + 

||p^t . _ Y , ^32) 

^2S(£„), (33) 

where we have used the triangle inequality, (27), and (29). It is now clear that Alice applies 
Cw 2 arid Bob applies the isometry W 2 . The claim now follows readily □ 


Remark: This is not the best exponent for this protocol and one can get the exponent that 
matches with the classical case (see Prob. 2.15 in Ref. [28]) when specialized and this can 
be construed from the treatment in Ref. [3]. Our purpose of stating the above proof is 
that the ideas would prove useful for other protocols later in this paper since it is based 
on decoupling. 


5 Fully quantum Slepian-Wolf (FQSW) 

Definition 4. A (H', error, n) FQSW protocol consists ofn copies of a pure state shared 

between with Alice (A) and Bob (B), and reference system (R), Alice applying an encoding cptp 
map S ^ A 1 A 2 , quantum communication across a noiseless quantum channel from Alice to 
Bob and Bob applying a decoding cptp map V : B 2 B^ -a- BQB^B^ such that for 

pAiBiB^B^W^ — 22S2B"—Q 2^A2—>--62 Q £^A"->AiA2 (34) 


pAiBiB^B^R" 


^AiBi jgj 


(S)n 


^ error. 

1 


(35) 


The number (log |A 2 |)/n is called the quantum communication rate and (log |Ai|)/?7, is called 

the entanglement gain rate of the protocol. 

A pair of real numbers {TZq, Re) is called an achievable rate pair if there exist, for n ^ oo, 
FQSW protocols with quantum communication rate approaching Rq, entanglement gain rate 
approaching Re, and error approaching 0. 


The achievable rates are described by the following theorem. 


Theorem 5 (Abeyesinghe et al, 2009 [20]). The following rates are achievable for the FQSW: 




and Re ^ Rq T FI{^A\FF)\^. 


(36) 
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Our goal in the remainder of this section is to provide the achievability of the above 
rate region with error decaying to 0 exponentially in n. 

Theorem 6. For any n G N, there exists a (\[', error, n) FQSW protocol for any a G (1,2], and 
(5i, ^2 > 0, such that 


log 1^2 

n 

log 1^1 

n 


^ - H^{A\R)J + {\B\ + ^ 6 , + 62 


2 i 
log 1^2 

n 


2 n 


+ H4A\R)^-\R\^-^^^^^^-62, 


n 


(37) 

(38) 


and the error approaches 0 exponentially in n. 

Proof. Let W ■. A^ ^ AiA 2 he a full-rank partial isometry with l^il I 742 I ^ |A|. Then, using 
Corollary 2, we claim that there exists a Unitary U over A'^ such that for a G (1,2], 


||TrAM2 ° [U ■ - (^^^) 

0 — 1 


< 


) exp 


2a 
= » exp 


\B\\R\ log(?7, + 1) - nHa{A\BR).$ + ©(Tr^i^^a o Tw 
a — 1 


2 a 


\B\\R\\og{n + l)+nHs{A)^-\og\Ai\\A 2 \ > = Sn, (39) 


and 


\\TtA, O [U ■ (^^^)®"] - TT^i ® (^^) 


, a — 1 

^ 8 exp 


\R\\og{n + l)-nHa{A\R)^ + log 
2a L 1^2 

It follows from (40) and Lemma 31 that there exists an isometry 

U ■ [U ■ (g) ^ 

It follows from (39) and Lemma 31 that there exists a Unitary such that 

S(en) ^ ||lUl • [U ■ - V ■ 

^ [u ■ -Cw[V ■ (^^s^)®^] 11^ 

u ■ [U ■ (^^^^)®’^] ]-U -{Cwlv ■ (^"i^^)®*^] } 


= Pn. (40) 

such that 
(41) 


where the second inequality follows using the monotonicity and noting that 

Cw{w^ ■ [u ■ (^^^^)®"]} = [u ■ (^^s^)®’^], 


(42) 


(43) 
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and the last equality is true since {UyU = Lastly, we use the triangle inequality, 

(41), and (42) to claim that 




I jyl2^iJ2 oCw[V ■ (^^^^)'^”] } - $^1^1 0 (q^^S ^3 


^ (44) 


It follows that the protocol consists of Alice applying o 1/^", and Bob applies U, 

albeit on 52-8” instead of A 2 B'^. 

It is now clear that if, for o G (1,2], (5i, 82 > 0, 


log 1^11 log 1^2 

n n 

log 1^11 _ log 1^2 

n n 


55 (A).,+ + 

n 

5„(A|5).,-|5|i^^^^:^-<52, 

n 


(45) 

(46) 


then the error decays exponentially in n to zero. 

The claim of the theorem now follows and we exhaust the entire achievable rate region 
as stipulated by Theorem 5. 

Note that in view of the trivial protocol where one qubit transmitted across a noiseless 
qubit chaimel from Alice and Bob generates one EPR pair shared by Alice and Bob (the 
reverse implication is not true), it makes sense to keep the quantum communication as 
small as possible, which is accomplished by making a close to 1, and 5i, 82 close to 0. □ 


6 Fully quantum reverse Shannon (FQRS) 

The following definition is from Ref. [20]. 

Definition 5. A (^, error, n) FQRS protocol consists of n copies of a pure state (both 

A and A' held by Alice), a MES shared between Alice (AQ and Bob (BQ, a cptp map 

j\fA'^B Stinespring representation and , Alice applying 

an encoding cptp map £ ; A'”Ai —)■ ^25”, quantum communication across a noiseless quantum 
channel from Alice to Bob and Bob applying a decoding cptp map V : B 1 B 2 —)■ 5” such 

that for 

pA^B^E" — j^BiB2^B" q j-A2^B2 q £’A'"Ai^A2E" ^ 

The number (log |52|)/n is called the quantum communication rate and (log |5i|)/n is called 
the entanglement consumption rate of the protocol. 

A pair of real numbers {TZq, TZe) is called an achievable rate pair if there exist, for n ^ 00 , 
FQRS protocols with quantum communication rate approaching FIq, entanglement consumption 
rate approaching TZe, and error approaching 0. 

The achievable rates are described by the following theorem. 
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Theorem 7 (Abeyesinghe et al, 2009 [20]). The following rates are achievable for the FQRS: 




and R-e ^ R-q T H. (49) 

We now provide the random coding exponents for the achievability of this protocol. 


Theorem 8. For any n G N, there exists a error, n) FQRS protocol for any a G (1,2], 
(5i, ^2 > 0, such that 


= 1 + (IBI + 1)|,1| ‘°S(" + 1) + hCfl, 

I L ^ I L ^ 


log|5i| log 1^2 


+ H^{B\A)^-\A\ 

n n 

and the error approaches 0 exponentially in n. 


log(n + 1) 


n 


-<^2, 


(50) 

(51) 


Proof. We note the insightful observation in Refs. [29, 20] that FQRS can be implemented 
using ideas from FQSW. 

Let |i?i||i? 2 | ^ I i? IA be a full-rank partial isometry. Then, using Corollary 

2, we claim that there exists a Unitary U over i?" such that for a G (1,2], 

llTrsiB^ ° [U ■ 


< 


) exp 


0 — 1 


2o 
= » exp 


\A\\E\login + 1) - nH^iB\AEh + o Tw) 

cx — 1 

' |A||U| log(n + 1) + niF5(5)vi> - log |5 i||52 | [>=£:„, (52) 


2a 


and 


ITib^ o [U ■ (^^^)®"] - TT^l (8) (^^)®’^||^ 


< 


) exp 


a — 1 
2a 


|A| log(n -M) - nHa^iB\A)q, + log 


1^ 

\B. 


= Pn- (53) 


Using (53) and Lemma 31, we claim that there exists an isometry ijB 2 E"^AiB"E" g^^h that 
u . (g, ^ (54) 

Using the compressive map Cpt : AiB'^E^ A 2 E^, (54), and monotonicity, we get 

tpt . . C~^ ^^ABE^m ^ ^ ^(t?^). (55) 

Using (52) and Lemma 31, we claim that there exists a Unitary V over B^ such that 


llWt-Tv 


B^^BiB 2 

w 


[U ■ _ -p • ^ S(e„). 


(56) 
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Using the triangle inequality, (55), and (56), we now have 




C/t 


$ 


AiBi 


^ 2(e„) + “(t?^) 


,ABE\®n 


Hence, the FQRS protocol consists of Alice applying 


gA''^Ai^A2E'^ ^ qMB^E^^A2E^ 


^ I j/A'^BE 

O iV^ 


and Bob applying = l/lfpl. The claim now follows readily 


(57) 

(58) 

□ 


7 Quantum state merging (QSM) 


Definition 6. A (T, error, n) QSM protocol consists of n copies of a pure state shared 

between Alice (A), Bob (B), and reference (R) inaccessible to both Alice and Bob, a MES 
shared between Alice (Aq) and Bob (Bq), and a local operation and classical communication (locc) 
quantum operation A4 : A^Aq (g) B^Bq —)■ Ai (g) B 1 B 2 B 2 such that for 


pAiBiB^B^K^ ^ ^ <|)Ao-Boj ^ 


P 


AiBiB^BliRA 


$ 


AiBi 


BJ}Br}R^ 




^ error, 


(59) 

(60) 


where is a MES sharedbetween Alice (AQ and Bob (BQ. The number (log |Ao|—log |Ai|)/?7, 
is called the entanglement rate of the protocol. A real number TZe is called an achievable rate 
if there exist, for n ^ 00 , QSM protocols of rate approaching TZe i^nd error approaching 0. 

The achievable rate is given in the next theorem. 

Theorem 9 (Horodecki et al, 2005 [30]). The following rates are achievable: 

TZe > H{A\B)^. (61) 

Turthermore, there exists a QSM protocol that achieves this merging cost using one-way locc with 
a classical communication cost of I{A : R)^ per input copy. 

We prove the following. 

Theorem 10. Tor any n e H, there exists a (H^, error, n) QSM protocol using one-way locc for 
arbitrary 61,62 > 0 , a G (1,2], such that 


n n 


and a classical communication cost of at most 


HIM W Ml P'1 I (l-^l + + 1 ) + 2 I r I r 

tla(A)'^ — ria(A\R)’qi H-h 0 i + 62, 


n 


(62) 


( 63 ) 


with the error approaching 0 exponentially in n. 
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Proof. Our line of attack is similar to that in Ref. [30], Corollary 3.11 in Ref. [17], and 
Theorem 5.2 in Ref. [21]. 

Let \E\ ^ I A I”, be a full-rank partial isometry. Let ( = J = [Cl/ 

let X = 1,..., J, I All ^ |Ao||i?|, be a set of measurement operators such that 

Yl,x=i where each (except possibly when x = J) is a full-rank partial 

isometry. 

For any orthonormal basis {|a;)^},a; = 1,...,J, we define 


= ^\x) {x\^ ® 

X=1 

UjXA^ = ^ j-A-^E ^^A"Ao 

We have 


(64) 

(65) 


XAi _ ^-EAo^XAi ^^EAo'j 

1 . P^i 

7X] k) o“ l-^) ("^1^ o 


C 


x=l 


\E\\Ao 


= —TT 


|J) {Jf® 


c 


pAi 


\E\\Aoy 


where is a projector with rank < Ai. Note that 


I XAi _^XAi| 


< 


^ - 1 ] 


+ 


P" 


I^Po 




( 66 ) 

(67) 

( 68 ) 


(69) 


where the first inequality follows from the triangle inequality, the second one from TrP^^ < 
I All, and the third one from J — (< 1. 

Invoking Corollary 2, we first claim that there exists a Unitary JJA^'Ao such that for any 

a e (1,2], 


I^^-Ao^AiX q I^A-Ao . ^ ^Ao^j j _ ^AiX ^ 

a — 1 




I exp 


2a 
^ 8 exp 


|P| log(n + 1) - P„(A"Ao|P”)vi,®™ + 0(^0 Tw) 
a — 1 


2a 


|P| log(n -h 1)-6 nP 5 (A|P)vi/ - (log |Ao| - log |Ai|) > = Pn, (70) 


(where in the second inequality, we have used —P„(A"Ao|P”)^®n = —nHa{A\R),j, 
log |Ao| = nHa{A\B)ii, — log |Ao|, and, from Lemma 22 , Q{S o Tw) ^ log |Ai|) and 


,BR\(^n jgj ^Bo I 


WAteAo O ^ ^AoBoj j _ 

“ “ ^ |P||P| log(n + 1) - P„(AMo|P"P”Po)vi-®"®<i> - log(|Ao||P|) 


^ 8 exp 


2a 


^ 8 exp 


a — 1 r 


2a 


|P||P|log(? 7 ,-M)-FnP 5 (A)vi>-log|P| \=en, (71) 
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where in the first inequality, we have used and the second in¬ 

equality follows from 


- - log(|Ao||E|) 

^ -H^iA^lB^R^h^r. - H^{Ao\Boh - log(|Ao||^|) = nH^iA)^ - log \E\. (72) 
(71) implies using Lemma 31 that there exists a Unitary y^"^o^a^Ao g^^h that 

llVpt . ^JjA^Ao . ^ ,|,AoSoj j _ -pA^Ao^A^Ao . ABR'^m ^ ^AoBo||^ 

^H(£,,), (73) 

and, using monotonicity, this implies that 

\\Tw"^^ ^ ^AoRo] ^ ■ (^^BR^®n ^ ^AoSo] ||^ ^ 2(£„). (74) 

We now have 


II^EAo^AiV Q J-A-^E p . ^^AR^®n ^ ^Aoj _ ^AiV ^ 

^ II^BAo^AiX q J-A"^E P . ('^AR^^n ^ ^Aoj _ ^AiV ^ 
-h (8 (v1/B)8)"' _ ^AiX ^ (^B^(gm||^ 

2 

^ + ^ = Pri) 


(75) 


where the first inequality follows from the triangle inequality, and in the second inequal¬ 
ity, the first term is upper bounded using (70), and the last term by using (69). Let 




AiR"RoR" — 


M\^ 

\E\ 


■{M^WU) ■ (^^BR^®n ^ ^AoRo 


(76) 


XAiB^BoR" — gEAo^AiX ^ -y-jA^-j-R ^jj _ ^^ARR^0n ^ ^AoBoj 

=^Lx>(a.r0e™" 


x=l 


Note that ^AiB^BqR^ ^ p^j-g state for all x. Let 
have 

/ 3 n > ® (^^)®”||^ = J 2 y- 

From Lemma 31, let Bq^BiB^ b^ isometry such that 

YB"Bo^B\B^B^ _ ^AiB^BoR" _ ^AiRi ^ ^^R2R2R^0n 



(77) 

_ TT^l (g) (^B^0n 

We now 

A 



(78) 


(79) 
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Define a cptp map 


\x) {xf ® T 


X „ r^B’-Bo ^ 




‘.X = l 


X=1 


We now have 

VoSoTwp ■ ® <|>^oBoj _ (^AiBi ^ (^^B^B^Ry 

1 


'y _yB'^Bo^BiB^B^ _ ^AiB^BoR^ _ ^A\Bi ^ ^^)B2B2Ry 


J 

X = 1 

1 ~ 

E 4 \yB^BQ^BiB^B^ _ ^AiB^BoR^ _ ^AiBi ^ 
■J . 


«Er("y 


a:=l 

J 


a:=l 


<Ej 2v^i+^(4)‘’''‘ + 4 


^ 2. 






3/4 


x=l 


a? 

7 


^ e' 

o ^ 


E 

X = 1 


^ 2\/^ + \/2(/4n)^^^ + I3n, 


(80) 


(81) 

(82) 

(83) 

(84) 

(85) 

( 86 ) 

(87) 


where the first inequality follows from the convexity of the trace norm, the second in¬ 
equality follows from (79), the third inequality follows since 


1(5) — \J£( 2 , -|- £ -|- 2 \/l -|- £:) ^ ‘ly/s -\- \/ 2 (£)^^‘^ -f- £, 


( 88 ) 


and the fourth inequality from the concavity of a: i-)- x^, y G [0,1], and the last inequality 
follows from (78). Using (74) and the triangle inequality, we have 


Vo£oCw\V ■ (g) ^ (y^B2B2R-^®n 

^ ‘=‘(^n) + 2\/^ -f \/2(/ln)^^^ + /In- (89) 

Alice performs gA'^Aa^AiX ^ ^ y performs . Note that J = 

^ max{l, determines the classical communication cost. We have now 

shown the existence of a state merging protocol using one-way locc for arbitrary 81^82 > 0, 
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( 90 ) 


a G (1, 2], with 


- log ^ 

n |Ai| n 


n 
log J 


n 


n 


^ H^{A)^ - H^{A\R)^ + (l-^l + l)l-^IM^ + l) + l + 


n 


that has the error converging to 0 exponentially in n. 


(91) 

(92) 
□ 


8 Entanglement-assisted quantum communication with side 
information at the transmitter (Father with side informa¬ 
tion at the transmitter) 

The definitions are directly from Ref. [17], 

Definition 7. Let he a cptp map with Stinespring dilation and he a 

pure state. Then the transmitter encodes its information contained in G T){Eair) using a 
cptp map gES'^A'^ output of the channel is o gMS'^A '^ 

We denote this channel by }. 

Definition 8. A {{Af, |T)}, error, n) father protocol with side information at the transmitter con¬ 
sists of n copies of two MBS and where Alice has Aq, Ai, Bob has Bi, and the 

reference R is inaccessible to both Alice and Bob, Alice applying an encoding map 
to (g) ^ n uses of the channel with side information at the transmitter 

{j^A's^B^ |T)‘S''5 applying a decoding map such that for 

pB^R- = Q Q gA^A^S'-^A'- ^A^B^ ^ (93) 

\\pB^R- _ ^ (94) 

The number log \Bi\ is called the entanglement rate of the protocol and log |i?| is called the 
quantum communication rate of the protocol. 

A pair of real numbers {TZq, TZe) is called an achievable rate pair if there exist, for n ^ oo, 
protocols with quantum communication rate approaching TZq, entanglement gain rate approach¬ 
ing TZe, and error approaching 0 . 

The achievable rates are described by the following theorem. 

Theorem 11 (Dupuis, 2009 [17]). Let ^ bea pure state with Ra = Rr ®Rbi such that 

qjS = T^, and ^, The following rates are achievable: 

nQ + nE<H{A\sh (95) 

TZq-TZe < -H{A\B)<,. (96) 
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We now have the following theorem. 

Theorem 12. For any n eN, and \1/ as defined in Theorem 11, there exists a ({A/", |T)}, error, n) 
Father protocol with side information at the transmitter such that for any a e (1,2] and 61,62 > 0, 

log \R\ + log \Bf = Ha{A\S)^ - - <5i (97) 

n 

log \R\ - log \Bf = -H^{A\B)^ - + _ 52, (98) 

n 

and the error approaches 0 exponentially in n. 

Proof We first claim using Corollary 2 that there exists a Unitary U on R^B'^ such that 


CE\^i^ 


Tr^n [U ■ ^ 

0 — 1 


< 


) exp 


= 8 exp 


2o 
0 — 1 
2o 


|C||U| log(?7, + 1) - nHa{A\CE)^ + nlog 


|C| |U| log(? 7 , + 1) + nHa{A\B)q, + n log 


H' 

l^il. 

\B, 


= en, (99) 


and 


|[/ . _ ^^RBi^(S)n ^ ^'Y'5^(8)n|| _ ||jy- _ _ ^^RBi^igin ^ 

" “ ^ ^|5| log(n + 1) - nff,,(AjS)^ + n log(|/2| |i?i|)l 1 = P,,, (100) 


^ 8 exp 


2o 


where in (100), we have used \l/‘^ = and it follows from (100) and Lemma 31 that there 


exists an isometry V-^ " such that 


JJ . (^cyCRBiA'S-^^n _ 




. ($^oii ^ $AiBi ^ yS'5^®n ^ 2 ^/^. (101) 


Using the triangle inequality, (99), (101), and monotonicity, we have 


Tr, 


^en + 2 ^/^. (102) 




Hence there exists an isometry 14 
cyABCE q£ ^r t^ce respectively, we have 


such that for some purifications and 


K 


(Uv)®”U/ 


• ($^o^ (g) (g) _ (^^RB2 (g, ^ABCE-^m 


^2Jen + 2^ (103) 
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and hence. 


Tr 




Tr 


V 2 • (AA)®" Vi • ^ ® I _ 

{ \V2{VmT'"Vi] ■ ($^°^ 0 0 Y5'S^®n| _ ^^RB2'^®n 


^ 2 


A^B^C’^E^ 




(104) 


It is now clear that Alice just applies Trc^ o ° ^ 

ryn jDn _ s^T^nAniDn 

V 2 ^ ^ . The claim now follows readily. 




and Bob applies Tr^„^„ o 

□ 


We now have the following corollary to obtain the regularized expressions by addi¬ 
tional blocking. 

Corollary 13. For any m, n e N, a pure state niUP = FiRf^FiBi such that = 

and = {yA’s^BE^^®m ^ |T)}, error, mn) Fa¬ 

ther protocol with side information at the transmitter such that for any a G (1, 2] and 5i, ^2 > 0, 


log 1^1 ^ log 1^1 

m m 

log |i^| _ log 1^1 

m m 


Ha{A\S^)^ i^ilog(mn + l) ^ 
- - |6|-Oi 


m 

m 


mn 




mn 


(105) 

(106) 


and the error approaches 0 exponentially in mn. 

We omit the proof. Rather than blindly applying Theorem 12, we need to use 
i^(xs)®mn ^ {mn -+- 1)I‘^L The number m serves two purposes. Firstly, it enables a better 
approximation to the optimal rates, and, secondly, it allows for finer approximation to 
the Renyi quantities through the choices of |i?| and |ili|. 

Note that by choosing |ili| = 1, we get entanglement-unassisted quantum communi¬ 
cation as a special case of the above and for any a G (1,2] and 5i, ^2 > 0, the rate is given 
by 


log 1^1 

m 


mm 


. fHa{A\S^)^ \og{mn + l) 

ml- \S\ -(5i, 

t m mn 


Hs^{A\B^)^ 


m 


\C\\E\ 


,log(n + 1) 


mn 


(107) 


Assuming Ha{A\S'^)^ ^ —Ha{A\B"^)^, the rate for quantum communication assisted 
by unlimited entanglement for any a G (1,2] and 5 > 0 is given by 


log 1^1 

m 


H^{A\S^)^ - Hs,{A\B^)^ 
2 m 


[S’! log(m?7, -I- 1) -I- |C||i?|”*log(n -|- 1) 
2 mn 


-5. (108) 
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Definition 9. A {{M, \ T)}, error, n) entanglement-assisted classical communication pro¬ 
tocol with side information at the transmitter consists ofn copies of an MES where Alice 

has A 2 and Bob has B 2 , Alice having a random variable X uniformly distributed over a set X 
that models the information, Alice applying an encoding map £x^ , x e X, if X = x, n 

uses of the channel with side information at the transmitter ), and Bob applying 

a POVM (positive operator-valued measure) {A^, , x' E X}, such that for 


. j:>n r>n 

Pr{x'\x} = Tr a;, ^ 


^ ^^A2B2 ^ ySS'^iSin 


(109) 


—— ^^(1 — Pr{x|a:}) ^ error. (110) 

' ' X 

The number (log \ X\)/nis called the classical communication rate of the protocol. 

A real number TZc is called an achievable rate if there exist, for n ^ 00 , any choice of \A 2 \, 
protocols with classical communication rate approaching TZc error approaching 0. 


Note that the capacity for this protocol was obtained in Ref. [17], We now provide the 
random coding exponents for the entanglement-assisted classical communication. 

Corollary 14. For any m,n eN, a pure state \yc:AA'’^s’^ ^ ^ 

(T'^)®™' and ^ = ^yA's^BE'^^m ^^'^caa s ^ exists a ({Af,\T)}, error, mn) 

entanglement-assisted classical communication protocol with side information at the trans¬ 
mitter such that for any a E (1,2] and <5 > 0, the rate per channel use is given by 


log|df| ^ H,,(A\S^)^ _ HsjAlB"^)^ _ log(r7m + l) 
mn m m mn 

and the error approaches 0 exponentially in mn. 




mn 


( 111 ) 


Proof We follow the well-understood strategy to encapsulate the entanglement-assisted 
quantum communication protocol in the qudit superdense coding protocol. We follow 
the notation in Definition 8. Let "Haj = ^ Hai and 1-132 = ^Ubi- Alice has access 

to Aq, Ai and Bob has access to R, Bi. Let Vi E I[J(i?") such that TrV^Vj = \Rf5ij. Alice 
chooses \X\ = and, for X = x, Alice applies I 4 over R^ on (Alice does this 

by exploiting the Schmidt symmetry) and passes that MES as input to the father protocol 
that uses the chaimel m x n times. At the end of the father protocol, we have a state 

rxmn rjmn 

px ^ such that 


where (dmn = ‘2\/Em,n + ‘2y''drn,n, and 

a — 1 


Em,n = » exp 
'dm,n = 8 exp 


2Q! 

0 — 1 
2Q! 


|C| l^r log(n + 1) + nHs{A\B^)^ + n log 


l^il 


1^1 log(r7m + 1) - nH^{A\S^)^ + nlog(|i?||5i|) 


(113) 

(114) 
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and for appropriately chosen \R\ and |i?i| as per (105) and (106), (3mn decays exponentially 
in mn. Bob now applies the POVM given by {14' ■ ($^2^)®™*^}, x' G X, and 


Pr{x|x} = Trp{ 




[14 • ($^2^)®”^"] = F [pi 


14 • (<|.^2H^®mnj2 ^ 


(115) 


where the inequality follows from the Fuchs-van de Graaf inequalities between trace dis¬ 
tance and Fidelity [31] and in particular Corollary 9.3.2 in Ref. [5], and hence, the error of 
the protocol is upper bounded by dmn- Lastly, it is easy to show that a cptp map followed 
by a POVM can be implement just by a suitably chosen POVM, and hence, the decoder of 
the father protocol and the POVM of the superdense coding protocol can be implemented 
by a POVM. The claim now follows readily. □ 


9 Quantum state redistribution (QSR) 


Definition 10. A (T, error, n) QSR protocol consists ofn copies of a pure state shared 

between with Alice (A and C), Bob (B), and the reference (R) unavailable to both Alice and Bob, a 
MES ^jinYed between Alice (AQ and Bob (BQ, Alice applying £ : —)■ C 2 C 34 ", a 

quantum communication across a noiseless quantum channel from Alice to Bob and Bob 

applying!) : BiBB'^ —)■ B 2 B^B^ such that for 

^ jyBiBB”^B2B^B^ ^ jCa^B ^ ^ 


pC2B2A^B^B^R'^ 


^C2B2 jgj ^■qjABiBiR'^^n 


4 error. 


(117) 

and 


The number (log jCsD/n is called the quantum communication rate 
(log \Bi \ — log |C 2 |)/n is called the entanglement cost rate of the protocol. 

A pair of real numbers {!Zq,!Ie) is called an achievable rate pair if there exist, for n -A- 
00 , QSR protocols with quantum communication rate approaching Rq, entanglement cost rate 
approaching Re, and error approaching 0 . 

The achievable rates are described by the following theorem. 


Theorem 15 (Devetak and Yard, 2008 [32]). The following rates are achievable for the QSR 
protocol: 

Rq > h{C: R\B)^ and Rq + Re> H{C\B)^. (118) 

Our goal in the remainder of this section is to provide the random coding exponents 
for the achievability of this protocol. 

Theorem 16. Tor any n G N, there exists a (fT, error, n) QSR protocol for any a G (1,2], 
61,62 > 0 , such that 


log|C3 



1^31151 

|C' 2 | 


^ [H^{C\B)^ - H,,{C\BR)^] + (|4| + \B\)\R\^^^^^^ + (119) 

Hs,{C\B)^ + |^||^| M^ + 1) ^ (^20) 
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and the error approaches 0 exponentially in n. 

Proof. Our line of attack is similar to that in Ref. [33]. Let | 5 i|| 02 || 03 | ^ \Cf, 

be a full-rank partial isometry. Then we can claim using Corollary 2 that for any a G (1,2], 
there exists a Unitary U'"" such that 


Tr, 




C 2 C 3 ° Iw 


^ 8 exp 


a 


2 a 


^ \B\\R\\og{n + l)-nH^{C\BR)^ + \og 


\Bi\ 


IC'allC's 


= (121) 


and 


U /t; 


Tr^iCs Iw 

^ 8 exp 

= 8 exp 


. (^■qjACR'^m _ ^C2 (g) 

a — 1 


2a 

a — 1 
2a 


\A\\R\ log(?7, 1) - nHa{C\AR)q, log 

l^l |i?| log(?7, -h 1) nHa{C\B)q, + log 


IC 2 


|C'2| 


Bi\\C, 


= Pn. (122) 


Using (121), we claim that there exists an isometry ^^^^ 2 ^ 3-4 -^a^a c 


Vi-Tv 


w 


. ^■qjACBR'^m _ ^AiBi ^ i^.qjACBR'^m ^ E{en), 

and hence, using the compressive map Cyt : AiA^C^ -A- C 2 CsA^, we have 

Cyt ( 8 ) JJC- _ f^^ACBR^^^n ^ ^ 

Using (122), we claim that there exists an isometry ->-B 2 B^ b^ such that 


(123) 


(124) 


Vo-1 oTv 


w 


(125) 


, ^^ACBR-jiSin _ ^C2B2 ^ ^^ABaBaR^iSin ^ E[Pn) 

J 1 

Using monotonicity and triangle inequality, we now have 

U 2 ■ X O Cyt ® _ ^C2iJ2 ^ ^^ABsBsR-^m ^ ^ ^ ^^26) 

Hence, Alice's operation is ^ -^ 0203 ! Bob's operation is -^B 2 B^b. 

V 

claim now follows readily. 


The 

□ 
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10 Quantum communication across Broadcast Channels 
(QCBC) 

Definition 11. A (Af, error, n) QCBC protocol consists ofn copies offourMES 

and where Alice has Si, S 2 , Ai, A 2 , Bob 1 has Bi, Boh 2 has B 2 , and the 

references {Ri and R 2 ) are inaccessible to both Alice and Bob, Alice applying the encoding map 
^ ^ j^ggg quantum broadcast channel from Alice to Bob 1 and 2 , (mitp 

Stinespring dilation Vf} and local quantum operations by Bobs ' \i = 1 , 2 , such 

that for 




gA'lSfA^S^^A" 


|^(<|)‘S'i^i (g) $^1^1 


^Si^R^SSR^ _ ^ (^S2R2Y 


^S2R2 ^ ^ ^^27) 

< error. (128) 


For i = 1,2, the numbers log \Ri\ are the quantum communication rates and log \Bi\ are the 
entanglement consumption rates of the protocol. 

A vector of real numbers {TZqo,Rq, 2 , Rea, RE 2 ) called an achievable rate vector if there 
exist, for n ^ 00 , QCBC protocols with quantum communication rates approaching Rq^, entan¬ 
glement consumption rates approaching Re,u * = 1,2, and error approaching 0. 

Theorem 17 (Dupuis, 2009 [17]). Let u state with |g/^'^i‘^2CiC2-EZ) _ 

Vjf'^CiC 2 E |^^GiG 2A The following rates are achievable: 

log I 
log 

log |i?i| + log \Bi \ + log 
log 
log 

We follow the line of attack in Ref. [17] that we need to show the following theorem, 
which would yield Theorem 17. The regularized expressions can be obtained by addi¬ 
tional blocking. 

Theorem 18. For any n G N, |^)GiG 2 A'u |^^GiG2CiG2i?u defined in Theorem 17, 

there exists a {Af, error, n) QCBC protocol such that for any a e (1,2], (5i, <52, ^3, 64 > 0, 

IG2I log(n 1) 


Ri 

+ log 

Bi\ 

< 

H{Gi)4, 

(129) 

R 2 

+ log 

B 2 \ 

< 

H{G 2 h 

(130) 

R 2 

+ log 

B 2 \ 

< 

H{GiG 2 h 

(131) 

Ri\ 

- log 

Bi\ 

< 

I{Gi)Gih 

(132) 

R 2 \ 

- log 

B 2 \ 

< 

I{G 2 )G 2 h. 

(133) 


log l-^ll + log l-Bil — Ha{Gl\G2)^ 

log\Ri\-log\Bi\ = -H^{Gi\Gi)4,- 
log I.R 2 I + log 1^21 = Ha{G 2 )-^ — (^3 
l0g|i?2| - log 1^21 = -H^{G2\G2h - 


n 


-di 


\G2G2ED\\og{n + l) 


-82 


n 


\GiGiED\\og{n + l) 


n 


(134) 

(135) 

(136) 

(137) 
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and the error approaches 0 exponentially in n. 


f^n _I ryn r?n 

Proof. Let VFj ‘ ' \ \Gif ^ \Rif\Bif, i = 1,2, be full-rank partial isometries. Define: 


En^l = 20 exp 
en ,2 = 20 exp 
£^,3 = 20 exp 
4 = 20 exp 
en ,5 = 20 exp 


a — 1 r 
2a 

a — 1 
2a 

a — 1 r 
2a 

a — 1 
2a 

a — 1 
2a 


IG 2 I log(n 1) - nHa{Gi\G 2 )^s, nlog 
|G' 2 C' 2 .ED| log(n + 1) - nHa{GfG 2 G 2 ED)^ + nlog 
- nHaiG2)^ + n\og{\R2\\B2\) 


\GiGiED\login + 1) - n/7„(G2|GiDi^D)vi. + nlog 


[-niL„(G2 )vi/ -nlog|G2|] 


l^il 

\BA 


\R 2 \ 

\B,\ 


(138) 

(139) 

(140) 

(141) 

(142) 


For i = 1,2, let Ui be random Unitaries on Gf We have 

O [{U, (8 U2) ■ (vl/GiG.)0n] _ 

^ (f/2 • [Ui • _ (7r«i^i)®«,g, (^G^y 


^ E 


Ui 


-U 2 

^G’l^R^BY [f/^ . (^GiG2)0nj _ ^ ^^G2)0n 

[U2 ■ ( 4 '*^=)®'"] - (7r^2S2^0n 


n~^ 2^^2 ^2 
'W 2 


^ (^n.l + £n,3)/5, (143) 

where the first inequality follows from the triangle's inequality and the second inequality 
follows since Tw 2 is a class-1 map and the last inequality from Theorem 1. We also have 

Egi,G 2 \\rW 2 {U 2 ■ {Trs, O Tw, [Ul ■ (vl/GiG 2 G 2 i?D) 0 n] _ ^^R, ^ ^G 2 G 2 En) 0 n|^ ||^ 

^ Ec/, ||TrB, O Tw, [Ul • (^GiG2C2En^0nj _ ^ ^G2G2RD^0n||^ ^ 

where the first inequality follows since Tw 2 is a class-1 map, 

En 2 llTrs, o Tw 2 [U 2 ■ - (vr^^ ^ ^GiGiED) 0 n||^ ^ (^^ 45 ) 

Eu 2 |Tr o Tw 2 [U2 ■ (T«^)®'^] - 1| ^ £„,5/5. (146) 

We now use the arguments in Corollary 2 to claim that there exist Unitaries Ui on G", 
i = 1,2, such that 

IIV o Tw 2 [{Ui O U2) ■ - (vr^i^i« 252 ) 0 n||^ ^ (^47) 

llTw^, {U2 ■ {Trs, O Tw, [Ul ■ (^GiG2G2ED^0nj _ ^ ^G2G2Rn^0n|^ ^ ^ 

llTrs^ o Tw2 [U2 ■ ® ^GiGiRD)® 


-n,2 
^ ^n,4 


\TtoTw 2 [U2-(T''^)®"] -1| ^£n,5. 


(148) 

(149) 

(150) 
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on An on An _> Afn r)n r>n/^n _ ^r^n on^n 

It now follows that there exist isometries 122 , V 2 ^ ^ ^ ^ S and 

S nr^n _v/^n Qn/^n 

ry K^n -rljrQ Oq 


y ^2 '-'2 ^^2 ^2 ^2 g^ch that 


Twi o Tv 


W 2 


{Ul O U2) ■ - Vl • (8) $^1^1 O $'^2^2 (g, ^A2B2^0n 


^ ‘=‘(£n,l + £^, 3 ); (151) 


Tv 


m (U2 ■{V 20 Tw^ [Ul ■ (^GiG2CiC2i?n^®nj _ ^ ^^GiG; 


2 Cl 0*2-£/-D \ 0 71 


^ ‘=‘(£^, 2 ) + £n,5, (152) 


where we have used the triangle's inequality, and 

I 3 • [U 2 ■ (^^iG2CiG2i?U^®nj _ ^^ii2S2)®n ^ ^^GiG2CiG2i?U^ 


^ S(e 


n,A) 


We now have for 

^AlSiyl2S2^A'- ^ ^ yl 




r>n/^n ^ jDn/^n v/^n cri/^n 

7^-°! ”^*^1 — Tr~ ~ ^ T/-^l ^1 ^1 

2^1 — ^^Q-n(J^ ^ ^2 5 

r>n/^n ^ jDn/^n ^/^non/^n 

— Ti-- ~ ^ T/-^2 ^2 ^^2 *^2 ^2 

1^2 — 5 


jR’lS^R^S^ = Di O P2 O V O Th.^ [{Ul ® 1/2) • (^«i^2GiG2)®nj ^ 
= ($^1^1)®^ (8 ) P2 O TvKs [U2 ■ (^G2G2)®nj ^ 


pn on pn cn 
ry^-fX^ *^1 "^2 *^2 _ 

2 ^ 


(153) 

(154) 

(155) 

(156) 

(157) 

(158) 


V 10 V 2 O {M)®'^ o £ (g) $^1^1 (g) ^S 2 R 2 (g $24252)®nj _ ^$5l5l (g $5252 


< 


jR^S^Rl^SS _ (^$5151 (g $52S2)®n ^ 


< 




+ 


pn cn pn cn 

<“Y^-ZXj^ *^1 "^2 *^2 

2 


(<|,«i5i (g $^2S2)®n + ^(£,,,1 + £„,3) 


^ ‘^‘(^ng) + 5n,5 + ‘=‘(5n,4) + ^{^n,! + ^^, 3 ); (159) 

where the first inequality follows from (151), the triangle inequality and the monotonicity, 
the second inequality follows from the triangle inequality, the third inequality follows 
from (152), (153), and monotonicity The claim of the Theorem now follows from (159). 

□ 

Remark: It is clear from the above theorem that any rate in the following rate region is 
achievable with error decaying exponentially in n to zero: 

log |i?i| + log | 5 i| < H{Gi\G 2 )^ (160) 

log |i?2| + log l^al < H{G2h (161) 

log|i?i|-log| 5 i| < J(G'i)C'i)„ (162) 

log |i?2| - log l^al < I{G2)G2h (163) 
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We now repeat the argument given in Theorem 5.3 in Ref. [17] that by switching the roles 
of Bob 1 and Bob 2 and doing time sharing, we can achieve any point in the rate region as 
stipulated in the claim of Theorem 17. 


11 Destroying correlations by adding classical randomness 


Definition 12. A (p, error, n) protocol for destroying correlations by adding classical randomness 
consists ofn copies of a bipartite state and applying M Unitaries Ui, i = 1,..., M, over 
such that 


1 

M 


M 

[f/. . (pM)®..] 

i=l 




^ error, 


(164) 


where e D^Ha^) and we make no apriori restrictions on the choice of . 

The number {log M)/n is called the rate of the protocol. A real numbers TZc is called an 
achievable rate if there exist, for n —)■ oo, protocols with rate approaching TZc and the error 
approaching 0. 


Theorem 19 (Groisman et al, 2005 [34]). The smallest achievable rate is I {A : R)p. 


We prove the following theorem. 

Theorem 20. Tor any n e there exists a {p, error, n) protocol such that for any <5 > 0 , a G 
(1,2] and a purification of p^^, 


= H^{A)p - H^{A\R)p + {\E\ + l)|/?|M!i±l) + 5, (165) 

n n 

and the error approaches 0 exponentially in n. 

Proof. Consider a partial isometry \B\ ^ |A"|. For M ^ \Bf, we can choose M 

Unitaries 17^ G U(i?) such that Tr(17^)ll7^ = \B\5i^j, and let Vm . B ^ Bhe a cptp map 
given by 

(166) 

i=l 

Then, from Corollary 2, for any a G (1, 2], there exists a Unitary U such that 


|TrB oTw[U ■ 

^ 8exp + 1) + nHa{A)p - log \B\] | = Sn, (167) 


and 


|Vm oTw[U- ip^T^] - TT^ 0 (p"")®"!!! 

^ [|i?| log(n + 1) - nHa{A\R)p - logM + log |5|] | = (168) 
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where we have used 0 (Vm ° Tw) < log|-B| — logM from Lemma 23. From (167) and 
Lemma 31, we claim that there exists a Unitary U 2 over such that 

||iU^ -TwiU ■ - U 2 ■ ^ (169) 

Consider now the following Unitaries over constructed from 17^ as V/^" = ■ 17^ + 

(1^ — iUlpL). Note that = W^Vj^. We now claim that i7WU2 are the M Unitaries 

we need. We have 


M 




2=1 


< 


1 

^ M 1 ^ 

-g J2^vrU2) ■ -Twp- (p-«)®”] 

2 = 1 2=1 


M 


- -Twp- - {W' . Jr») ® (p«)< 


2=1 


M 


< M U ■ (p“)®” - (vpw*) -Twp- (p-")®”] 


2=1 


+ 


M 


M 


M 


Y^{W^Vi^) ■Tw[U- (p^^)®'^] - {W^ ■ TT^) ( 8 ) {p^f 


2=1 


^ M F2 • (p^^)®" -W^-Twp- (p^^^)®"] 


2=1 


+ 


M 


M 


^ -Twiu- (p^^)®”] - TT^ 0 (p^)^ 


2=1 


+ 

(170) 


(171) 


(172) 

(173) 


where the first inequality follows from the triangle inequality, in the second inequality, 
the first term follows from the convexity of the trace norm and the second term follows 
by invoking 17"^" Wl = lUll7^, in the third inequality, the first term follows by invoking 
the Unitary invariance of the trace norm and the second term from monotonicity, in the 
fourth inequality, the first term is upper bounded using (169) and the second term is 
upper bounded using (168). The claim now follows readily. □ 


12 Conclusions 

In conclusion, we have provided a new version of the decoupling theorem that gives an 
exponential bound on the average decoupling error with a Renyi a-conditional entropy 
in the exponent for a restricted class of completely positive maps for any a G (1,2] as 
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opposed to only o = 2 in Ref. [17], This key step allows us to make a connection with the 
random coding exponents, which we provide for several important protocols including 
those at the top of the family tree of protocols. The importance of random coding expo¬ 
nents for the achievability of information-processing tasks has been well known since the 
seminal work by Gallager [8]. Such an analysis, with very few exceptions thus far, has 
been missing and we now fill that void with this paper. The version of the decoupling 
theorem and other ideas developed in this paper may well find wider applications with 
or without further extensions. 


A Computation of 0 for some cases 


Lemma 21. For a full-rank partial isometry |Ai||y42| ^ \A\, 

e{TTA, o ^ log ^ (174) 

I ^2 I 

e(Tr 4 , o i log (175) 

I ^2 I 

Proof. Since we have the freedom in choosing the local orthonormal bases in describing 
the MBS, hence, let them be such that W \i)^ = for i ^ |g4i | |g42|, and W \i)^ = 0 for 

i > |g4i||g42|, where and are orthonormal states in their respective systems. 

It now follows that 


Twi\^ 010 = 


0I 


i) ind{ij^|Ai||A2|} 


0l| 02 


Cw{\i) (j0) = lO 0r'^'ind{i,K|Ai||A2|} + (5M7r^'^hndpj>|Ai||A2|}. 


■\A 1 A 2 ■ 


A 1 A 2 : 


We now have 


exp{0(TrA2 o Cw)} ^ ^ ^ Tr Tr^j o Cw{\i) (j0) Tr^^ o Cw{\j) {i 


• iAn 




0P 


Tr 


E TrA,(|OOf^^OTrAOIj)(^I^^^O + 

.ij'^|Ai||A2| 

r^lAsG 


0 


E 0,i (TrA^vr^'^")^ 

*j>|ai||a2| 

^^ (\\ f \ \ \ \ ~ 0il020 / 0il 


|7l| 

where the first inequality follows using (1). Following the above, we arrive at 

2 


exp{0(TrA2 o Tw)} ^ 


01 

01^ 


01 


0l| 02 


010712 


01 

02 


(176) 

(177) 

(178) 

(179) 

(180) 

(181) 
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QED. □ 

Lemma 22. Let {Mi G L{BC, D),i = 1, J}, J = he a complete set of measurement 

operators M/M* = 1^^). Let ( = and let the first'd = Mfs he rank-\D\ partial 
isometries. Define for any orthonormal basis * = 1, •••, J, 

gBC^XD^^BC^ = N) ® (Mi ■ ( 182 ) 

i=l 

and let \B\ ^ \A\, he a full-rank partial isometry. Then 

e{SoTw) ^log\D\. (183) 

Proof. Let (*l^- Orice again, we exploit the freedom in choosing the 

local bases in defining MES and have 

^ k)" \M . (184) 


Hence, 

^iiji = Tw{\ii) (ji|^) = ^ Ki) ind{iiji^|B|}. (185) 

We now have for 9^^ = k) {x\^ ® tt^, {pf{ a probability vector (whose choice is 

specified below). 


exp{0(£^ o Tw)} 

Y, Tr 0 fe) 0 1)2) (9-^“)-' 


|4P|CP 


«ljl,i2 J2 


\B\fCf 


Tr lx) (x|^ (g) Mx{\ii) {jif ® 1 * 2 ) (j2|‘^)Mjil4 


n Jl,*2 J2,a: 


3VD\-1 


|S|2|C|2 


(b.>(*ir0b2) (*2r)Ai*j(9 

Y (TrA4Mt)Tr[|i) (xf 0 Af,(| 2 ,) {!,|® 0 lb) ( 22 p)Mtl (9-^°)-‘ 


2i,22,a: 


SPICb 


YcrtiCMt)- 


\D\ 

Px 


(186) 

(187) 

(188) 

(189) 


Letp = 1 — P/CfPx = {1 — p)/^ for X = 1, ...,-9, and if |-D| doesn't divide |-B||C|, then there 
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is an additional entry = p ii x = 'd + 1. Continuing from above, we now have 


exp{0(£^ o Tw)} ^ 


= \D 


\D 


^\D\^L^ + {\B\\C\-\D\^y 


\D\ 

p 


^2 


= \D\ 


C{i-p) 

i!) i!) 

- + 1 - 


+ 1 - 


i^Vi 


CJ p 


= \D\. 


( 190 ) 

( 191 ) 

( 192 ) 


QED. □ 

Lemma 23. For M e M ^ \B\y M Unitaries e U(5) such that Tr(l/^)tl// = \B\5i^p 
let Vm B ^ B be a cptp map given by 


M 




2=1 


Then 


( 193 ) 

( 194 ) 


• \ A-i 




0(Vm o Tw) < log \B\ — logM. 

Proof. Let W \i)^ = \i)^ for i ^ |il|, and W \i)^ = 0 for i > |i?|, where {|i)"^} and {|i)^} are 

M 


orthonormal states in their respective systems. Using Twi\i) (j|"^) = \§i |*) (j|^ indpj^iBi}, 


we have 


151 


exp{e(V„or;^)}^ Vo7^v(l*>(j|'') VoTw(.\j}{i\-') 




= ^Tr 
B 


J2 v(\i}{jnv{\j}ii 






|5|M^ 


Tr 


M 


M 


i,j^\B\ k,l=l 

o . M 


E 


B\ 


\Bf6ki = — 

^ \ \ k,l 


( 195 ) 

( 196 ) 

( 197 ) 

( 198 ) 


|5|M2 ^1 ' |5|M2 

k^l —1 k^l —1 

where the first inequality follows using (1) and the fourth equality follows since Trl//l4 = 
\B\6k,i. QED. □ 


B Lemmata 

Lemma 24. Let T be a completely positive map. Then for any inputs a, 9 (not necessarily Her- 
mitian), there exists a contraction K such that 

T(ae^)T{9T) = y/r{aa^)KT{99^)K^ VT{aT) ■ ( 199 ) 
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( 200 ) 


In particular, if 9 = 1 and T(l) is a scaled identity, i.e., commutes with all matrices, then 

T{a)T{a^) ^ T{aa^)T{l). 

An example of such a T is the partial trace. 

Proof Since T is completely positive, it is also 2-positive. Hence, if I 2 is the identity 
super-operator for 2x2 matrices, then for orthonormal |0), |1), we have 

0 ^ (X 2 (8) T) [(|0) ® 0 + |1) (8) a)(|0) (8) 0 + |1) ® a)i] (201) 

= |0) (0| 0 T{99^) + |1) (0| 0 r(a0i) + |0) (1| ® TiOa^) + |1) (1| ® r{aa^). (202) 


We now invoke Theorem IX.5.9 in Ref. [35] to claim that there exists a contraction K such 
that 

r(a0i) = (203) 

The claim and the particular case now follow easily. □ 

Lemma 25. LetT^^^ be any completely positive map such thatTiTil^) = |^|- Then is 

a class-1 map. For any cptp map 8^^^ o is also a class-1 map. 


Proof. Let the Kraus operators of T be given by {Ei}. We have for a random Unitary U 
over A and any a G L('Hyi), 


^u\\T{U-a)\U = —J2\\T(U, 




■ U 1 




^ Ikllu 


(204) 

(205) 

(206) 
(207) 


where in the second equality, is an orthonormal basis in B, ^ cptp map 

with Kraus operators {-j^ (| j)^ (8) U*f/j)}, and the last inequality is well known. The second 
statement of the claim follows simply by noting that TrX o T{1^) = TiT{l^) = |H|. 
QED. □ 


Lemma 26. For any matrices X^, (not necessarily Hermitian) and for U acting on A, 
we have 


Eu{Ua^^UfX^ 0 lU^)f/(a^^)if/i} 

(|7l|A^ 


T^) + (TrX^)l^ 0 (|7l|T« - A^) 


, ( 208 ) 


where A^ = a^W^(a^y and = Tr^ [^^-^^(1^ 0 W^)(a^^y]. 
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Proof. Consider first vectors {\^i)},i e 1,6, in PL a and we have 


Eu[U |(^i) {ip2\W \ips) U Iv^s) U^] (209) 

= (1 «) {ipf)Eu{{U ® U){\ipf) |</p5 ))((^6| ® t/t)} (1 (8) |(^3)) (210) 


= (10 {iff) 
qx\A\-q 2 


gil^l - ^2 ^ (1 0 1^3)) 


|A|(|AP-1)' 


I^KI^P-i)' 


{iff Iff) + l^^li j|2 \^3) {Pf , 


( 211 ) 

( 212 ) 


where the integral in the second equality is well known (see Lemma 3.4 in Ref. [17]), 

qi = {pf Pi) {P 2 \ pf), q 2 = {P 2 \ Pi) {pf pf), and is the swap operator. We have by 
singular value decomposition: 


= \yi) (^*1 


(213) 


We also have by the singular value and Schmidt decompositions: 




\J fiKj Pi,k \vij) {wik\^ 0 \vij) {wik\^ . 


(214) 




Lett? = (ti,t 2 ), t? = (ti, ...,* 3 )/j? = { 31 , 32 ) and /c? = (/ci,/c 2 )- We now have 
Eu {Ua^^UfX^ 0 W^)U{a^^fU^] 

= ^ fi{ii, 3 l,kl)Euiu{\vi^jf) {w^kf^ ® {wi^kf^)UWyif) (2*3!^ 0lL^) 


,•3 a 2 u 2 


(215) 


^(1 ) (Vi2fc2|^0 I Wi^j^ 

X] /i(*u ii, kl) (Wiifcj W jwi,j,)^ X 

,•3 .-2 ^2 

Eu {w^kfU^ \yh)^ {Zifu {Vi^k2\^ 0 \vAjfi {Vi^k2\^ (216) 


R 


fi{il,3l,kl) {Wi^kf w \wi^jf) 

jZj 2 iP 2 

q2{il,jh kl)\A\ - qiffjf kl) 
\A\{\Af-l) 

0 (|7l|A^ - T^) + (TrX^)l^ 0 (|7l|T^ - A^) 


yiikj,3hkl)\A\ - q2{ti,ji,kj) 
|A|(|AP-1) 

^ \Vi,n) {Vi^k^l 


(^.31 2 /, 3 )^ 1 ^+ 


R 


|A|(|AP-1) 


(217) 

(218) 


where in the first equality 


fl{A,3l,ki) \ (3APii,jiPii,kiVi^l3i^Xi2,j2pi2,k2-i 


(219) 
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in the third equality. 


^l) = {WhkA {Vi^k^l t'ilii) 

ji,/c?) = {Wi,ki\ {Vi^k2\ , 

and the fourth equality follows after simplifications. QED. 


( 220 ) 

( 221 ) 

□ 


Lemma 27. Let he a completely positive map with the Choi-Jamiolkowski representation 

. Then for a random Unitary U acting on A, any matrix we have 


--U {[r{U- -wf® a^] [T {U ■ - w. 

\Af 


'j- ^ (J J ^ — 




-TrA' ( 


\Af-l 

Proof. Let The described by the Kraus operators {T^}. We now have 


IAP-1 

TrA . (222) 


Ec/ {[r((7-<r“] 


ujj- ® a 




-u 


k,l 


k,l I 


iTiU{a^yWj T/ - {u^Y ® a^{a^) 
|yl|(j^(cr^)l — TrA [(T^^((J^^)1] 

AiWVT) + 


(223) 


X . |x4|TrA [cr^^(cr^^)ll — (J'^(cr^)O x ^ ^ 

(TrTlT,)!-^ ® ^ ^ ^ k; - (cxf) 




(224) 


= i^r K) 


2 \A\a^{a^y — Tta [cr^'^(cr^'^)l] 


|x4|(|x4p-l) 


|x4pTrA' (uj. 


,EA' 

-’t 


2 |yl|TrA [a^^ia^y] 




a (a 


|x4|(|x4p-l) 




{uf-) ® 


(225) 


I e^2 ^ |x4|V^(a^)l - |x4|TrA [a^^(cr"^'^)l] 

= M ®--+ 

A| Trx, 0 




|x4|^ 


cr cr 


QAfwf^') ® QAicr^^) 




< 


1^1 


|x4|^ 


L TrA^ ® TrA , 


(226) 

(227) 

(228) 


where in the second equality, we have used Lemma 26, and the inequality follows by 
noting from Lemma 24 that |A|TrA [(T"^^((J^^)1] — cr^(cr^)l G Pos('H/{). QED. □ 
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Lemma 28 (Exercise 9.9 in Ref. [3]). Let p G a G Pos('Ha)/ 11 = {M.a{p) ^ C<^}- 

Then for any a G (1,2], we have 


l|np||i ^ V<5«(plk) = exp . (229) 

Lemma 29 (Hayashi [3]). Let p G a G Pos('Ha)/ n = {M.a{p) ^ C<^} fl = 1 — 11. 

Then 

Tra-^flp^fr ^ z/^C- (230) 

The proof of this lemma is contained in Lemma 9.2 in Ref. [3]. 

Lemma 30. Let a, p e Pos(?fyi). Then 

Tip + Tra - 2F(p, a) ^ \\p - a|| ^ < ^(Trp + Tra)^ - 4F(p, a)T (231) 

Proof. The proof is essentially along the lines of the Fuchs-van de Graaf inequalities [31]. 
We know that 

m 


where Pm = TrA^p and = TrA^a. Note that Y.mPrn = Trp and = Tra. Let 

{Am} be the minimizing POVM in the above equation. We now have 




\m) {m\^ (g) ^/A^p^/A^ - \m) (m|^ 0 ^/X^a^/X^ 


> 


{rn\^ “ \m) 


m\ 


\X 


X] \Pm - Qn 


1 m 


^ ^ I y/Pm y/Oml I y/Pm T y/Qm I ^ 'y ^f y/Pm y/Qm) 

m m 

= Trp + Tra — 2F(p, a), (233) 


where the first inequality follows from the monotonicity under the application of a cptp 
map with Kraus operators {|m)^ 0 a/A m}, where {|m)^} is an orthonormal basis, and the 
second inequality follows again from monotonicity under partial trace. 

To prove the other inequality, let \up) and 1^,,) be purifications of p and a respectively 
such that F{p, a) = {up\ vf). We now have 

Up - cr||^ ^ \\up - v„\\^ = X (Trp + Tra)^ - 4F(p, a)2. (234) 


QED. 


□ 
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Lemma 31. Let e e Pos('Ha) such that ^ e. Let 

\B\ ^ \C\, he purifications of and respectively. Then there exists a partial isometry 
such that 

11 yB^c . 11 ^ ^ ^e(2 + e + 2x/m). (235) 

Note that if it is known that e D^('Hyi), then from Corollary 2.2 in Ref. [36], the bound in the 
RHS can be refined to 2i/i. 

Proof. We use the first inequality in the claim of Lemma 30 to have 

- 2F(^^, ^ e. (236) 

Using the Uhlmaim's theorem [37], we claim that there exists a partial isometry 
such that F{^^, \[^"^) = and hence, 

Tr^AC ^ rpr^Ac _ 2F{V^^^ ■ ^^^) ^ e. (237) 

Since, |Tr^^ — Tr\[^^| ^ e, or, Tr^^ ^ 1 + £, and, using monotonicity, F{V^^^ ■ vl/^c') ^ 

^(Tr^^)(Tr^^) ^ y/TTs, and hence, Tr^^^ + Tr^^^ + 2F(U®^^ • ^^^) < 2 + e + 

2\/l + e. Using the second inequality in the claim of Lemma 30 again, we arrive at 


||yS^.C _ ^AB _ x]>^C'|| 

^ _ 2F{V^^^ ■ ^'^C')] [Tr^^c' 2F{V^^^ ■ ^'^'^)] 

^ \J£{2 + £ + 2a/1 + (238) 

QED. □ 

Corollary 32 (A straightforward corollary of Lemma 9.2 in Ref. [3]). Consider a cq state 

pXR = |x) {xf ® pf, (239) 

x&X 

where pf e T){TLr), x e X, and {px,x e X} is a probability vector. Let p^ = Tr^p^^, C > 0/ 
M G N, any e D{'Hr), and = (Xi, ...,Xm) be M i.i.d. random variables with probability 
distribution {p^, x e X}. Then we have for any a e (1,2], 


M 


-XM 




M 


^ 4 exp 


2=1 


0 — 1 
2 a 


[\ogu,,n + U„(p^''||p^ O K^) - logM] I . (240) 


Proof. It follows from the claims of Lemma 9.2 in Ref. [3] that for any C > 0/ 


M 


-XM 


< 2U!>A^V«Ap?II««) + f-ff 

2=1 X 


= 2C^exp{^C„(p^«||p-''®K«)} + J'£F. 


(241) 

(242) 
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If we make a choice of 


c = 


2exp ® K^)} M 


(243) 


we get 
E^m 

QED. 


M 


M 


Y.pI-p’' 


2=1 


< 4 exp 


a — 1 
2 a 


+ D^{p^^p^ ® K^) - logM] 


(244) 

□ 


C A more general decoupling theorem that we never use! 

Theorem 33. Let X he a finite set, {p^, x E X} a probability distribution on X, pf^ E D('Har) 
M X E X, and {|x) (a:|^} a set of orthonormal states in X. Consider a cq state 


P 


XAR _ 


lx) {xf ®pf^. 


(245) 


x^X 


For Men, let Xi, ...,Xm be M independent and identically distributed (i.i.d.) random variables 
having probability distribution {px,x EX}, and 7"^^® be a class-1 map. Then for a E (1,2], 
Xf^ = (Xi, ...,Xm), random Unitaries = {Ui,U m) acting independently on A, we have 
for any a^, E D{'Hr), 




2=1 


(jjf- ® p^ 


^ 4 exp 


a — 1 
2a 

4 exp 


[logi/<^fl + <8) <8) a^) - logM + 0(T)] \ ind|A|^i 


[log u^R + D„,{p^^\\p^ ® - log M] I ind|;t^|^i. (246) 


Proof. We have 
1 

E FttM 


P'S) -^T®p^ 


i=l 


M 


M 




M 


Y1 S • Pxf) -^T® PxJ 


i=l 

M 


-X? 




2=1 


JfJ2S^^^-pS)-S®pS /nd|^l^i+ 


i=l 


M 


-X^ 


— T px 
1M ^ ‘ 


2=1 


ind 
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(247) 


































where the inequality follows from the triangle inequality and the last equality follows 
since ||X(8)y||i = ||X||i||y||i, and the first and the second terms are identically zero if 
|yl| = 1 and \X\ = 1 respectively The upper bound for the second term can be deduced 
from Lemma 9.2 in Ref. [3] for any a G (1,2] and any G as 




1 

iM 


M 


^PXi - 


P 


R 


2=1 


< 4 exp 


a — 1 
2a 


[log UR + ® - log M] I . (248) 


Note that Lemma 9.2 in Ref. [3] doesn't provide an upper bound in the above form but 
it is easy to deduce it from the claim, and, for the sake of completeness, it is provided in 
Corollary 32. 

The rest of the proof is to upper bound the first term in (247). For C > 0 and \/ x E X, 
let > CI^ ® = 

and p 2 ,x = <^r ® Tr^ Note that pi^x + P 2 ,x = ® p^- We now have from the 

triangle inequality 


M 


-Xf 


M 


-^T® Px] 


i=l 


M 


^ E vM ErrM 




2=1 


+ 


M 


Exy Ef/M 


2 = 1 


E [T [«■ ■ 


“ p2,Xi 


(249) 


We attack the first term. 

. M 


M 


)]-/'!,A-,} 


2 = 1 


M 


2 = 1 


M 


T [u ■ (n“p“)] 


«mEEa.Ei/. r[c7i.(nJX 

2=1 

^2 Ex 


= 2 ExE(7 


Ui^pi^ 


, = 2Ep^ 

X 

^ 2C^ '^PxVQaiPx^U'^ ® 


YIAR AR 
rx 


= 2C 2 exp 


0 — 1 


Da{p^^^\\p^ ® l^«)a") [> , 


R\ 


(250) 

(251) 

(252) 

(253) 

(254) 
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where the first inequality follows from the triangle inequality, the second inequality fol¬ 
lows from the convexity of the trace norm to have 


M 


Exf<ll;‘i..v.lli = Jf E h [Ui ■ (nJfp:Jf)]} 


2=1 


. M ^ ^ 

^ M E [T [u. ■ (n^Mf)]} 11^ < ^ E [u, • (n^Mf)] 


2=1 


2=1 


, (255) 


and similarly for the first term, the first equality follows since X/s and 17/s are i.i.d., the 
third inequality follows from the definition of class-1 maps, the fourth inequality follows 
from Lemma 28 (proved by Hayashi [3]), and the last inequality follows from the concav¬ 
ity of X 1-4 \/x. 


We now attack the second term. Let A v r/ = T 


Ui ■ (n^fPxf) - /^ 2 ,x, and = 


^XiujM. Note that Exm^m^^Ax^uAx^Uj } = 0, V z ^ j, and hence. 


-x^u^ 




A vMttM 


1 




E EviUi I AxiUi A^,^^ I 
2 = 1 




A^f,A^^} (256) 


M(|A|2 - 1) 


Tr,4Ex <1 n^^(p^^)2fl^^ 


(257) 


where the inequality follows from Lemma 27. Following the arguments in Theorem 1 in 
dealing with the second term, we get 


M 


-X^uM 


M 


2 = 1 


E l t'i'(LMf) 




< 


'w«c|A|2exp{e(r)} 

M(|7l|2-1) 


(258) 


We now have 

, M 


-vf 


M 


E ■ P'S) -S® PxJ 


2 = 1 


^ 2C 2 exp 


a 


0 0 a-^)] 


W«CI^Pexp{0(r)} 

M(|A|2 - 1) 


, (259) 


and by appropriately choosing C,, we get 


M 


Exf E^m 


M 


E ■ pS) -S® FxJ 


2 = 1 


^ 4 exp 


0 — 1 
2Q! 


[log + D^{p^^^\\p^ O ® a^) - logM + 0(r)] 


The claim now follows from (247), (248), and (260). 


. (260) 
□ 
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